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Abstrat
This work has the purpose of applying the onept of Geometri Calulus (Cliord Al-
gebras) to the Fibre Bundle desription of Quantum Mehanis as done by [11℄. Thus, it
is intended to generalize that formulation to urved spaetimes [the base spae of the bre
bundle in question℄ in a more natural way.
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1 Summary of the Fibre Bundle Formulation of Non- and
Relativisti Quantum Mehanis [11, 12℄
1.1 Bundle Quantum Mehanis [11℄
The mathematial basis for the reformulation of non-relativisti quantum mehanis in terms of
bre bundles is given by Shrödinger's equation,
i ℏ
dψ(t)
dt
= H(t)ψ(t) ;
ψ is the system's state vetor in a suitable Hilbert spae F and H is its Hamiltonian.
In the bundle desription, one has a Hilbert bundle given by (F, π,M), where the total spae
is F , the projetion is π, the base manifold is M and a typial bre, F, whih is isomorphi to
Fx = π
−1(x), ∀x ∈ M. Thus, ∃ lx : Fx → F, x ∈ M, isomorphisms. A state vetor, (ψ), and the
Hamiltonian, (H), are represented respetively by a state setion along paths, Ψ : γ → Ψγ , and a
bundle Hamiltonian (morphisms along paths) H : γ → Hγ, given by:
Ψγ : t 7→ Ψγ(t) = l
−1
γ(t)(ψ(t)) ;
Hγ : t 7→ Hγ(t) = l
−1
γ(t) ◦H(t) ◦ lγ(t) ;
where γ : I → M, I ⊆ R is the world-line for some observer. The bundle evolution operator is
given by,
Uγ(t, s) = l
−1
γ(t) ◦ U(t, s) ◦ l
−1
γ(s) : Fγ(s) → Fγ(t)
Ψγ(t) = Uγ(t, s) Ψγ(s) .
Therefore, in order to write down the bundle Shrödinger equation, (DΨ = 0), a derivation
along paths, (D), orresponding to U is needed,
D : PLift1(F, π,M)→ PLift0(F, π,M) ;
where PLift
k(F, π,M) = {λ lifting : λ ∈ C k}, is the set of liftings from M to F , and,
λ : γ → λγ , λ ∈ PLift
1(F, π,M) ;
Dγs (λ) = lim
ǫ→0
Uγ(s, s+ ǫ)λγ(s+ ǫ)− λγ(s)
ǫ
(1)
where
Dγs (λ) =
[
(Dλ)(γ)
]
(s) = (Dλ)γ(s) ;
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and, in loal oords,
Dγs (λ) =
(
dλaγ(s)
ds
+ Γab(s; γ) λ
b
γ(s)
)
ea(γ(s)) ; (2)
where {ea(γ(x))}, s ∈ I is a basis in Fγ(s). Thus, one an learly see what is happening with this
struture, namely the bundle evolution transport is giving origin to the linear onnetion by means
of:
Γba(s; γ) =
∂
(
Uγ(s, t)
)b
a
∂t
∣∣∣∣∣
s=t
= −
∂
(
Uγ(t, s)
)b
a
∂t
∣∣∣∣∣
t=s
;
Uγ(t, s) ea(γ(s)) =
∑
b
(
Uγ(s, t)
)b
a
eb(γ(t)) ;
are the loal omponents of Uγ in {ea}.
In this manner, there is a bijetive orrespondene between D and the bundle Hamiltonian,
Γγ(t) =
[
Γba(s; γ)
]
=
i
ℏ
Hγ(t) ;
Hγ(t) = i ℏ
∂Uγ(t, t0)
∂t
U−1γ (t, t0) =
∂Uγ(t, t0)
∂t
Uγ(t0, t) ;
where Hγ is the matrix-bundle Hamiltonian.
1.2 Bundle Relativisti Quantum Mehanis [12℄
1.2.1 Time-dependent Approah
The framework developed so far an be generalized to relativisti quantum theories in a very
straightforward way. However, in doing so, it is seen that time plays a privileged role (thus,
leaving the relativisti ovariane impliit). Proeeding in suh a manner, it is found that,
i ℏ
∂ψ
∂t
= DHψ ; (3)
ψ = (ψ1, ψ2, ψ3, ψ4)
T ;
where
D
H is the Dira Hamiltonian (Hermitian), in the spae F of state spinors ψ. One (3) is
a rst-order dierential equation, a [Dira℄ evolution operator, (DU), an be introdued. It is a
4× 4-integral matrix operator uniquely dened by the initial-value problem,
i ℏ
∂ψ
∂t
D
U(t, t0) =
D
H ◦ DU(t, t0)
D
U(t0, t0) = 1F .
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Thus, the formalism developed earlier an be applied to Dira partiles. The spinor lifting of
paths has to be introdued and the Dira evolution transport [along a path, γ℄ is given by,
DU(t, s) = l−1
γ(t) ◦
D
U(t, s) ◦ lγ(s), s, t ∈ I .
The bundle Dira equation is given by (see (1)),
DDγtΨγ = 0 .
✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿
Klein-Gordon
✿✿✿✿✿✿✿✿✿✿✿✿✿
Equation The spinless, salar wavefuntion φ ∈ C k, k > 2, over spaetime,
satises the Klein-Gordon equation if (partile of mass m, eletri harge e and in an external
eletromagneti eld given by Aµ = (ϕ, ~A)),[(
i ℏ
∂
∂t
− e ϕ
)2
− c2
(
~p−
e
c
~A
)2]
φ = m2 c4 φ .
In order to solve this, a trik an be used. Just let ψ =
(
φ+ iℏ
mc2
∂φ
∂t
, φ− iℏ
mc2
∂φ
∂t
)T
. This is
a partiular good hoie if one is interested in the non-relativisti limit. After some rst-order
(Shrödinger-type) representation of the Klein-Gordon equation is hosen, the bundle formalism
an be applied to spinless partiles.
Thus, the goal is to desribe the given equation of motion in terms of some Shrödinger-type
operator and then apply the bundle formalism mutatis mutandis.
1.2.2 Covariant Approah
Now, it will be developed an appropriate ovariant bundle desription of relativisti quantum
mehanis. The dierene between the time-dependent and the ovariant formalism is analogous
to the one between the Hamiltonian and the Lagrangian approahes to relativisti wave equations.
✿✿✿✿✿✿✿✿
Dira
✿✿✿✿✿✿✿✿✿✿✿✿
Equation The ovariant Dira equation (for a spin
1
2
, mass m and harge e partile, in
an external eletromagneti eld Aµ) is given by,(
i ℏ /D −mc14×4
)
ψ = 0 ;
/D = γµDµ ;
Dµ = ∂µ −
e
i ℏ c
Aµ .
Sine it is a rst-order dierential equation, it admits an evolution operator U, whose job is to
onnet dierent values at dierent spaetime points. Thus, for x1, x2 ∈ M0, (M0 being the
Minkowski spaetime),
ψ(x2) = U(x2, x1)ψ(x1) ;
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where U(x2, x1) is a 4 × 4-matrix operator, dened as the unique solution to the initial-value
problem: (
i ℏ /D −mc14×4
)
U(x, x0) = 0 ;
U(x0, x0) = 1F, x, x0 ∈M0 ;
where F is the spae of 4-spinors.
Assume that (F, π,M) is a vetor bundle with total spae F , projetion π : F → M, bre F
and isomorphi bres Fx = π
−1(x), x ∈M. Then, there exists linear isomorphisms lx : Fx → F 
whih are assumed to be dieomorphisms  so that Fx = l
−1
x (F) are 4-dim vetor spaes.
A C 1 setion2 is assigned to a state spinor, ψ, i.e., Ψ ∈ Se1(F, π,M), in the following manner:
Ψ(x) = l−1x
(
ψ(x)
)
∈ Fx = π
−1(x), x ∈M .
Thus, it follows that:
Ψ(x2) = U(x2, x1) Ψ(x1) , x1, x2 ∈M ;
U(y, x) = l−1y ◦ U(y, x) ◦ lx : Fx → Fy ; x, y ∈M ;
U(x3, x1)︸ ︷︷ ︸
4×4 matrix
operator
= U(x3, x2) ◦ U(x2, x1) , x1, x2, x3 ∈M ;
∴ U(x3, x1) = U(x3, x2) ◦ U(x2, x1) , x1, x2, x3 ∈M ;
U(x, x) = 1Fx , x ∈M .
The map U : (y, x) 7→ U(y, x)  alled the Dira evolution transport  is a linear transport
along the identity map, (1M), of M in the bundle (F, π,M). Thus, it is not diult to see that
[2, 3, 4, 6, 9, 5, 7, 8, 10℄,
DµΨ = 0 , µ = 0, 1, 2, 3 ;
Dµ = D
1M
xµ .
These are alled Bundle Dira Equations.
At this point, loal basis ould be introdued and a loal view of the above ould be written
down. However, from this knowledge, what will be of future interest, will ome from the fats,
Gµ = l−1x ◦ γ
µ ◦ lx ;
{Gµ, Gν } = 2 ηµν 1F ; (4)
where ηµν is the Minkowski metri tensor, [ηµν ] = diag(+1,−1,−1,−1). This last equation, (4),
is the bundle generalization of (6). It is lear that this expression an be put in terms of loal
2Ψ is simply a setion at this time, as opposed to the previous two ases, in whih it was a setion along paths.
This orresponds to the fat that quantum objets do not have trajetories in a lassial sense.
2. Spin Manifolds & Bundles [1] 5
oordinates, in whih ase it would redue to (in the equation that follows, boldfae denotes the
matrix  i.e., the expression in loal oordinates  of the operator denoted by the same (kernel)
symbol),
{Gµ,Gν } = 2 ηµν 14×4 ; (5)
where ηµν is the Minkowski metri tensor and 14×4 = diag(1, 1, 1, 1) is the unit matrix in 4-dim
3
.
Thus, (5) is the loal expression of (4) and a generalization of (6).
2 Spin Manifolds & Bundles [1℄
It is quite lear how one goes about dening spinors for Minkowski's [at℄ spaetime. The onern
in question at this point is how one would do the same for an arbitrary [urved℄ manifold [1℄.
In order to do so, let's onsider that the spaetime manifold (whih is being assumed spae- and
time-orientable), M, an be pathed P = {U1, U2, . . . }, and that ∀Ui ∈ P, (i = 1, 2, . . . ), ∃V =
{eU1 , eU2, . . . }: 〈
eUµ , e
U
ν
〉
= ηµν , (6)
where V is also known as the vierbein and ηµν = diag(−1,+1,+1,+1). If it is possible to nd
Lorentz's matries, Λ(x) ∈ Sl(2,C), (as opposed to its Minkowski's ounterpart, Λ, whih did not
depend on any spei spaetime point) that will work as [ontinuous℄ transition funtions for the
vierbein above, then it is said that the struture group of the tangent bundle M was lifted from the
Lorentz group to the group Sl(2,C) and that M has a spin struture. The point of having a spin
struture is that one an deide  upon transportation of any frame around a losed path, C, in
M  whether the frame has made an even or odd number of rotations. The physial onsequene
would be the following: Assume that M has a spin struture (for, otherwise, the Dira equation
annot be onsidered). Say, for example, that M = M0 is Minkowski's spaetime. Thus, the Dira
spinors dened over M0 will be ross setions of a bundle over M0 assoiated to the tangent bundle
through the representation of Sl(2,C) via Gl(4,C) 4. Thus, these spinors have the property that a
omplete
[
R3
]
rotation will take them to their negative. The obstrution to having a spin struture
is measured by the ohomology groups of M. For example, a spin struture exists if H2(M,Z2)
vanishes, where H2(M,Z2) is the seond homology group with Z2 oeients. Thus, if M does
have a spin struture, the Lorentz struture group an be replaed by Sl(2,C); the ber for the
tangent bundle of M is still R4. If the cUV are the Lorentzian transition funtions for the tangent
bundle, c′UV shall be its Sl(2,C) ounterpart. It is, then, onstruted the new, 4-omponent, Dira
3
The generalization to an arbitrary number of dimension is quite lear and straightforward from the equations
given.
4
This representation is, namely, given by ρ : Sl(2,C)→ Gl(4,C), ρ(A) = diag(A, (A
†
)−1).
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Spinor Bundle, S = S(M), whose ber is C4 and transition funtions are
ρUV : U ∩ V −→ Gl(4,C)
c′UV (x) 7−→
[
c′UV (x) 0
0
(
c′
†
UV (x)
)
−1
]
.
This Dira spinor bundle, (S ), is simply the vetor bundle assoiated to the Sl(2,C) tangent bundle
via the representation ρ. This is the bundle whose setions, ψ, will serve as wave funtions on M.
The only ingredient missing, at this point, is a spin onnetion in S(M). The spin onnetion
in S(M) is given by,
Ω =
1
4
ωµν γµ γν ;
=
1
8
ωµν [ γ
µ, γν ] ;
where ω = (ωµν) is the Levi-Civita onnetion for the pseudo-Riemannian manifold, M, γµ are
Dira's γ-matries and it was used that ωµν = −ων µ. Thus, the ovariant derivative in the spinor
bundle and the urved Dira operator on ψ are, respetively, given by:
∇tψ =
dψ
dt
+
1
4
ωµν
(
dx
dt
)
γµ γν ψ ;
/Dψ = /∂ψ +
1
4
ωµρ ν γ
ρ γµ γ
ν ψ .
3 Geometri Calulus and the Ordering Problem in Quan-
tum Mehanis [13, 14, 15℄
Given the motivation proposed by [13℄, one an use the Geometri Calulus in order to prevent the
ordering problem that haunts quantum mehanis. Let's make a quik overview of the method.
Given non-ommuting numbers, γµ ∈ C3,1(R) ≃ M4(R), (where C3,1(R) is a real Cliord Algebra
5
and M4(R) is the spae of 4× 4 real matries) it is known that
{ γµ, γν } = γµ γν + γν γµ = 2 gµν . (7)
5
The reader should be aware of the adopted notation, where, for a metri g, its signature is given by p plus
and q minus signs, with p + q = n. The struture of the Cliord Algebra an only depend on p and q, thus it
is denoted Cp,q(K), where K is a eld (usually taken to be either R or C). Also, it is a well-known fat that,
dim
(
Cp,q(K)
)
= 2n.
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(It should be noted that C2,0(R) ≃ C1,1(R) ≃ M2(R). Thus, one an hoose to work either with a
4- or a 2-spinor, depending only on the hoie of the Cliord Algebra desired
6
.)
Thus, one an introdue the expansion of an arbitrary vetor and the dual basis as follows
7
:
v = vµ γµ ;
{ γµ, γν } = gµν ;
γµ = gµν γν .
In the same fashion [14, 15℄,
∂ ≡ γµ ∂µ ;
∂µ γν = Γ
α
µν γα ;
∂µ γ
ν = −Γνµα γ
α ;
∂ v = γµ γν Dµ vν ;
∴ ∂ ∂ ψ = γµ γν DµDν ψ ;
where Γαµν is the onnetion, ψ ∈ K is a salar and Dµ = (∂µ − Γ
α
µν) is the ovariant derivative. If
the onnetion is symmetri (vanishing torsion), then
∂ ∂ ψ = DµD
µ ψ ; (8)
whih is just D'Alembert's operator in urved spaetime.
Thus, one has that [13℄ (ℏ = 1),
p ≡ −i ∂ = −i γµ ∂µ , (9)
whih is Hermitian, (〈p〉 = 〈p
†
〉), and whose expetation value, (〈p〉), follows a geodesi trajetory
in our urved spaetime.
4 Putting it all together
Basially, one wants to generalize eqs (8) and (9) to the bundle formalism previously formulated.
In order to do so, let's remember that (ℏ = 1, and bringing the slash notation bak):
6
This is a subtle point for Quantum Mehanis, given that, one pure spinors are not part of that theory, the
type [of spinor℄ that one wants to introdue in the theory is ompletely arbitrary.
7
The reader should note that the ommon slash-notation is not being used here. This should not be a soure
of [future℄ onfusion.
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Bundle results:
Gµ = l−1x ◦ γ
µ ◦ lx ;
dµ = l
−1
x ◦ ∂µ ◦ lx ;
/d = Gµ(x) ◦ dµ ;
/d = l−1x ◦ /∂ ◦ lx .
Thus, the bundle version is given by:
p = −i /d = l−1x ◦ (−i /∂) ◦ lx ;
or, in loal oords (boldfae being matrix-notation, see (4) and (5)):
p = −iGµ∂µ .
This works for (non-relativisti) Quantum Mehanis and for Relativisti Quantum Mehanis.
When dealing with Quantum Field Theories, somethings have to be said before onlusions are
drawn. Let's start with a quik overview of the relevant fats.
✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿
In the funtional [Shrödinger's℄ representation for a free salar QFT, one has that:
S =
∫
L d4x =
1
2
∫ (
∂µϕ∂µϕ−m
2ϕ2
)
d4x ;
where, the onjugate eld momentum (note the non-ovariant formalism) is:
π(x) =
∂L
∂(∂tϕ)
= ϕ˙(x) ;
and, the Hamiltonian is:
H =
1
2
∫ (
π2 + |∇ϕ|2 +m2ϕ2
)
d3x .
The equal-time ommutation relations are given by,
[ϕ(~x, t), π(~y, t) ] = iδ(~x− ~y) ;
[ϕ(~x, t), ϕ(~y, t) ] = 0 = [ π(~x, t), π(~y, t) ] ;
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In the oordinate representation, with a basis for the Fok spae, where ϕ(~x) is (now) time inde-
pendent and diagonal (note that φ(~x) is just an ordinary salar funtion), one has that:
ϕ(~x) |φ〉 = φ(~x) |φ〉 ;
∴ Ψ[φ] = 〈φ|Ψ〉 ;
δ
δφ(~x)
φ(~y) = δ(~x− ~y)
∴
[
δ
δφ(~x)
, φ(~y)
]
= δ(~x− ~y) .
Thus, the funtional representation of the equal-time ommutators turns out to be:
⇒ π(~x) = −i
δ
δφ(~x)
;
〈φ′ |π(~x)| φ〉 = −i
δ
δφ(~x)
δ[φ′ − φ] ;
and, the momentum operator, Pi, whih generates spatial displaements, is:
[Pj , ϕ(~x, t) ] = −i
∂
∂xj
ϕ(~x, t) ;
∴ Pj = −
∫ (
ϕ(x) ∂jπ(x)
)
d3x ;
Pj = i
∫ (
φ(~x) ∂j
δ
δφ(~x)
)
d3x ;
thus, using (9), one has that:
P = γj Pj .
On the other hand, in the momentum representation, π(x) is diagonal and time independent, whih
gives:
π(~x) |̟〉 = ̟(~x) |̟〉 ;
Ψ[̟] = 〈̟|Ψ〉 ;
ϕ(~x) = i
δ
δ̟(~x)
;
E Ψ[̟] =
1
2
∫ (
−
δ
δ̟(~x)
(
−∇2 +m2
) δ
δ̟(~x)
+̟2(~x)
)
d3x︸ ︷︷ ︸
=H
Ψ[̟] .
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Let us introdue a funtional version of the Fourier transform given by:
Ψ[̟] =
∫
Ψ[φ] ei
∫
̟(~x)φ(~x) d3x
Dφ .
Thus, for a free spinor QFT, analogous relations are valid:
H =
∫
Ψ
†
(x)
(
−i γµ∇µ +m
)
Ψ(x) d3x ;{
Ψα(~x, t),Ψ
†
β(~y, t)
}
= δαβ δ
3(~x− ~y) ;
{Ψα(~x, t),Ψβ(~y, t) } = 0 =
{
Ψ
†
α(~x, t),Ψ
†
β(~y, t)
}
;
and in the oordinate representation,
Ψ(~x) |ψ〉 = ψ(~x) |ψ〉 ;
where Ψ(~x) is an antiommuting field, thus ψ(~x) must be a spinor of Grassmann funtions
⇒ ψ2α(~x) = 0, whih leads us to:
Φ[ψ] = 〈ψ|Φ〉 ;
Ψ
†
β(~x) =
δ
δψβ(~x)
;
∴ E Φ[ψ] =
∫ (
δ
δψ(~x)
(−i γµ∇µ +m)ψ(~x)
)
d3x︸ ︷︷ ︸
=H
Φ[ψ] ;
∴ E = H γ0 .
Thus, from all of the above, it is not diult to see that, a four spin-vetor an be onstruted
out of:
E = H γ0 ;
P = Pj γ
j ;
∴ P = (E,P) =
(
H γ0, Pj γ
j
)
.
✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿✿
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In a ovariant formulation (the onserved quantity being the energy-momentum tensor), one
would have that:
T µν =
∂L
∂
(
∂νϕa
)∂µϕa − gµν L .
∴
(
T µν γµ γν
)
: invariant quantity ;
thus, using the original notation:
T
µν = l−1x ◦ T
µν ◦ lx ;
T = Gµ T
µν Gν = l
−1
x ◦
(
T µν γµ γν
)
◦ lx ;
The reader should note that, the properties desribed in [13℄ will easily generalize to the above
ases. This leads us to the following thought.
Conjeture. The basi desription of physial quantities should be done in terms of spin-variables,
suh as spinors, spin-vetors and spin-tensors.
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